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QCD
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Introduction -  Fundamental Question

Hadrons - protons, neutrons and other strongly 
interacting particles - make up most of the mass of 
the visible universe

How do we understand the properties and 
interactions of these basic building blocks of 
matter from first principles? 

5
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716 Physics 1990

II II II

in GeV-‘, vs. q* for W = 2, 3 and 3.5 GeV. The lines drawn through
the data are meant to guide the eye. Also shown is the cross section for elastic e-p scattering
divided by ffMMo,,. (da/dQ)/uMot,. calculated for 0 = 10°, using the dipole form factor. The
relatively slow variation with q* of the inelastic cross section compared with the elastic cross
section is clearly shown.

dence arising from the photon propagator. The q* dependence that remains

is related primarily to the properties of the target system. Results from 10°

are shown in the figure for each value of W. As W increases, the q 2

dependence appears to decrease. The striking difference between the be-

havior of the deep inelastic and elastic cross sections is also illustrated in this

figure, where the elastic cross section, divided by the Mott cross section for

e= 10°. is shown.

Discovery of Quarks at SLAC

Deep Inelastic electron scattering 

1990 Nobel Prize
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DESY 

HERA   27.5 GeV electrons on 920 GeV protons

HERMES  27.5 GeV electrons on gas target  -  Polarization
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Jefferson Lab  Electron Accelerator

Scatter 6 GeV electrons from nucleons 
12 GeV upgrade planned
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How do hadrons arise from QCD?

Lagrangian constrained by Lorentz invariance, gauge 
invariance and renormalizability: 

Deceptively simple Lagrangian produces amazingly rich 
and complex structure of strongly interacting matter in 
our universe

Fundamental Question

L = ψ̄(iγµDµ − m)ψ − 1
4
F 2

µν

Dµ = ∂µ − igAµ Fµν = i
g
[Dµ, Dν ]
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QCD and Asymptotic Freedom
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Nonperturbative QCD

Fundamental differences relative to QED

Self-interacting: highly nonlinear

Interaction increases at large distance:  Confinement

Interaction decreases at small distance:  Asymptotic Freedom

Strong coupling:

Topological excitations

Solution of nonperturbative QCD

Present analytical techniques inadequate

Numerical evaluation of path integral on space-time lattice

αs ! αem

QED QCD
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Profound differences between hadrons 
and other many-body systems

Atoms, molecules, nuclei,...
Constituents can be removed
Exchanged boson generating interaction may be 
subsumed into static potential

photons → Coulomb potential
Mesons → N-N potential

Most of mass from fermion constituents
Nucleons

Quarks are confined
Gluons are essential degrees of freedom

Carry half of momentum
Nonperturbative topological excitations

Most of mass generated by interactions
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Goals

Quantitative calculation of hadron observables from first 
principles

Agreement with experiment

Credibility for predictions and guiding experiment

Insight into how QCD works

Mechanisms

Origin of nucleon spin and mass

Paths that dominate action - instantons

Variational wave functions

Diquark correlations

Dependence on parameters

Nc,  Nf ,  gauge group, mq
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How to solve QCD

Analytic methods

Perturbation theory

Chiral Perturbation theory / Effective field theory

String theory techniques to solve somewhat similar theories

Nonperturbative regime

Numerical solution of path integral on space-time lattice

15
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Lattice Field Theory

16
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Basic Ideas in Lattice QCD

Evolution in Euclidean time

|ψ〉 ≡
∑

n

e−βEnCn|ψn〉 → C0e−βE0 |ψ0〉

Lattice Regularization

φ(x) → φ(xn), xn = na

Stochastic Solution
∫

dxf(x)P (x) =
1
N

∑

xi∈P

f(xi) + O
(

1
√

N

)

Path Integral

e−βĤ →
∫

D[x(τ)]e−
∫ β

0
dτS[x(τ)]
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Lattice QCD

S(U) =
∑

!

2N

g2
(1−N−1ReTrU!)→ 1

4
F 2

µν

ψ̄M(U)ψ =
∑

n

[
ψ̄nψn + κ(ψ̄n(1− γµ)Un,µψn+µ + ψ̄n+µ(1 + γµ)U†

n,µψn

]

→ ψ̄(#∂ + m + ig #A)ψ

Wilson put QCD on discrete space-time lattice
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Lattice QCD

〈
T e−βHψψψ · · · ψ̄ψ̄ψ̄

〉

=
1
Z

∫
D[ψ]D[ψ̄]D[A]e−

∫
d4x[ψ̄("∂+m+ig "A)ψ+ 1

4 F 2
µν ]ψψψ · · · ψ̄ψ̄ψ̄

→
∏

n

1
Z

∫
dψn dψ̄n dUne

−
∑
n
[ψ̄M(U)ψ+S(U)]

ψψψ · · · ψ̄ψ̄ψ̄

=
∏

n

∫
dUn

1
Z

detM(U)e−S(U)

︸ ︷︷ ︸
Sample with M.C.

∑
M−1(U)M−1(U) · · · M−1(U)

→ 1
N

N∑

i=1
Ui∈

det M(U)
Z

e−S(U)

M−1(Ui)M−1(Ui)M−1(Ui)
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Lattice QCD - summing over paths

detM(U)e−S(U)
∑

M−1(U)M−1(U) · · · M−1(U)
〈
T e−βHψψψ · · · ψ̄ψ̄ψ̄

〉
=

∏

n

∫
dUn

1
Z

● ●

M-1 = (1+ κ U)-1 connects Ψ’s with line of U’s              
Sum over valence quark paths

det M generates closed loops of U’s                             
Sum over sea quark excitations

S(U) tiles with plaquettes                                                  
→ Sum over all gluons

323 × 64 lattices → 108 gluon variables
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Quantum Hopscotch

21

20 QCD and the Structure of Hadrons

Illustration of the lattice QCD approach to calculating nucleon prop-
erties. Using next-generation computing facilities, theorists will be able 
to calculate the nucleon’s internal quark substructure using a grid that 
is fine enough to accurately simulate our world’s spacetime continuum.

!e deconfinement phase transition in QCD matter. !e graph shows 
the energy density from lattice QCD as a function of temperature, 
normalized to the fourth power of the temperature in order to exhibit 
the rapid change of the effective number of massless degrees of freedom 
during the phase transition. Also indicated are the temperature ranges 
explored by heavy-ion experiments at the SPS, RHIC and LHC.
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Physicists Innovate 
Supercomputer Technology 

Reliable predictions of nucleon struc-
ture and the properties of hot and dense 
QCD matter require calculations with 
physical (that is, small) quark masses and 
with large, !ne-grained lattices. This can 

!e charge radius of an isovector (proton minus neutron) nucleon, 
computed in lattice QCD for a variety of pion masses. !e curves 
represent the theoretical extrapolation of the lattice data to the real 
pion mass and agree well with the measured experimental data.

Putting the Heat On 
By using asymmetric lattices, 

theorists can simulate systems 
of quarks and gluons at nonzero 
temperature. In its early days, for 
example, lattice QCD predicted 
the existence of the quark-gluon 
plasma, which would announce 
its existence through a dramatic 
jump in the energy density of QCD 
matter at a “critical” temperature 
of about 170 MeV (~2×1012 K; see 
bottom, right). This prediction moti-
vated the start of an experimental 
heavy-ion program to discover this 
form of matter. Advances in lattice 
QCD techniques and computing 
power have since enabled increas-
ingly accurate determinations 
of the transition temperature, as 
well as the quark-gluon plasma 
equation of state and a variety of observ-
ables that provide a detailed microscopic 
picture of the matter created in heavy-ion 
collisions. A recent breakthrough has been 
the development of algorithms to simulate 
the properties of matter with nonzero net 
baryon number density.
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Lattice Calculations

only be done on supercomputers in 
the 10–100 Tera#ops class, capable 
of executing tens of trillions of 
arithmetic operations per second. 
To achieve this goal, DOE has sup-
ported supercomputers dedicated 
to lattice QCD calculations, includ-
ing both large computer clusters 
and an innovative computer, the 
QCDOC machine, designed and 
built by physicists for QCD. The 
unique and innovative technical 
solutions to key design problems 
in the QCDOC, developed in close 
collaboration with scientists at IBM, 
turned out to be extremely useful 
also for more general applications. 
They were adopted in the develop-
ment of the world’s currently most 
powerful commercially available 
supercomputer, the Blue Gene/L, 

by IBM. Advances in lattice QCD have thus 
helped to re-establish U.S. leadership in the 
critically important !eld of high-capability 
computing and thereby enhance our inter-
national competitiveness.

A “typical” time-history for a proton on a lattice
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Gluon fields calculated on the lattice

Visualization by Derek Leinweber
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Quarks interacting with gluons

Visualization by Derek Leinweber
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Computational Issues

Fermion determinant - Full QCD

Small lattice spacing

Small quark mass

Large lattice volume

Cost ~ (mπ)-7 - (mπ)-9

L(fm)   mπ (Mev)
1.6        500
4.0         200
5.7        140    

1
mπ

≤ L

4
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Computers for Lattice QCD

25
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Computers for Lattice QCD

Multiply 2  16-digit numbers:

  4.403150586063203 x 1013

x 1.507017275390065 x 10-7

    = 6.6356239993411342333 x 106

 1 FLoating point OPeration per Second (1 Flops)     
requires 1 savant

26
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Computers for Lattice QCD

Megaflops:  106  Flops                                                         
City with 1 million savants multiplying once a second

Teraflops: 1012  Flops                                                          
1million cities of 1million savants

US: 10 sustained Teraflops devoted to Lattice QCD

World: 50 

Petaflops:  1015  Flops

LANL - cell based Roadrunner - June, 2008

ANL  Blue Gene, ORNL Cray  2009

NSF Blue Waters at UIUC 2010

Exaflops:  1018  Flops                                                       
1million planets with 1million cities of 1million savants

Planning stage

27
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From QCDOC to Blue Gene

Poster example of societal impact

Blue Gene/L

Al Gara recognized commercial potential, recruited   
Dong Chen, James Sexton, Pavlos Vranas

QCDOC concept, added:                                     
tree network                                                           
2 proc/node, 2 fpu/proc. 

28

important problem sizes on the QCDOC architecture and also has increased the efficiency
of legacy codes running on linux clusters. The second, possibly more important, is that this
software activity was a community-wide effort resulting in a set of tools and conventions that
members of each of the large U.S. collaborations had contributed to and valued. This is certainly
a good beginning and it will be interesting to see how this effort evolves and widely it is used
by the U.S. lattice QCD community.

Given the level of organization, careful software preparation and compelling physics case for
modern large-scale lattice QCD calculations, the U.S. lattice QCD community was able to make
a successful proposal to the high energy and nuclear physics programs within the DOE and
receive substantial, multi-year funding. The first two-years of DOE support (2004 and 2005),
including a portion from the DOE program in Advanced Scientific Computing Research, funded
a 4 Teraflops (sustained) QCDOC machine now installed at Brookhaven. Later-year funding will
support the constructions of large, optimized workstation clusters at Jlab and Fermilab. Figure 9
shows the adjacent RBRC and DOE QCDOC machines now operational at Brookhaven.

Figure 9. The two large 4 Tflops (sustained), 12,288-node machines now operational at the
Brookhaven National Laboratory. The machine on the left is DOE-funded and to be used by
the entire U.S. lattice QCD community. The machine on the left is used by the RIKEN BNL
Research Center and is funded by the RIKEN Institute of Japan.

7. Physics program
The availability of these machines has been anticipated for many months and there are a variety
of important, cutting-edge physics projects now getting underway. The most easily described
is a large-scale study of QCD at finite temperature aimed at exploring theoretically the physics
being studied at the Relativistic Heavy Ion Collider (RHIC) at Brookhaven. This is being carried
out by a collaboration of physicists at Brookhaven, the RIKEN BNL Research Center (RBRC),
Columbia and Bielefeld Universities.

The second is a large effort lead by the MILC collaboration to generate a large Monte Carlo
ensemble of integration points using an improved version of staggered fermions bearing the
acronym ASQTAD. This is an extension of earlier work and will create an ensemble that will be
used by many group in the U.S. and U.K. to study a variety of important questions in particle

137
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Lattice QCD Highlights

29
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Heavy Quark Systems

The six quarks of the Standard Model:



Spin Fest  8-8-08     J. W. Negele 31

Precision agreement in heavy quark systems

αS(MZ) from Particle Data Group

Context:

Mason et al, hep-lat/0503005v1 (2005); Particle Data Group (2004 )
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Precision agreement in heavy quark systems

αS(MZ) from Particle Data Group

And without light-quark vacuum polarization:

Mason et al, hep-lat/0503005v1 (2005); Particle Data Group (2004 )
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  Precision agreement in heavy quark systems

“Gold Plated Observables”   (Davies et. al. hep-lat/0304004)
Staggered quarks
Asqtad improved action
a = 0.13, 0.09 fm
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Physics - Masses of Hadrons

34

 Lattice 2008, BMW collaboration
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Lattice QCD PredictionsForm Factor Update
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Lattice QCD Predictions
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fD & fDs Update
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= 0.786±0.042 lattice

= 0.779±0.093 CLEO/BaBar

Mass of Bc meson

D meson decay constants
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Equation of State of Hadronic Matter

37

a. substract successive ly: p(T )= p̄(T )- p̄(T=0)= [ p̄(T )- p̄(T /2 )]+ [ p̄(T /2 )- p̄(T /4 )]+ ...

=⇒ for substractions at most twice as large la ttices are needed

b. instead of the integra l method calcula te : p̄(T )- p̄(T /2 )=T /(2V )·log[Z2(Nt)/Z (2Nt)]

define Z̄(! )=
∫

DUexp[-!S1b-(1 -! )S2b] =⇒ Z2(Nt)= Z̄(0 ) and Z(2Nt )= Z̄(1 )

one gets directly p̄(T )- p̄(T /2 )=T /(2V )
∫

1

0
dlog[Z̄(! )]/d!·d!=T /(2V )

∫

1

0
〈S1b-S2b〉!·d!

a. substract successive ly: p(T )= p̄(T )- p̄(T=0)= [ p̄(T )- p̄(T /2 )]+ [ p̄(T /2 )- p̄(T /4 )]+ ...

=⇒ for substractions at most twice as large la ttices are needed

b. instead of the integra l method calcula te : p̄(T )- p̄(T /2 )=T /(2V )·log[Z2(Nt)/Z (2Nt)]

define Z̄(! )=
∫

DUexp[-!S1b-(1 -! )S2b] =⇒ Z2(Nt)= Z̄(0 ) and Z(2Nt )= Z̄(1 )

one gets directly p̄(T )- p̄(T /2 )=T /(2V )
∫

1

0
dlog[Z̄(! )]/d!·d!=T /(2V )

∫

1

0
〈S1b-S2b〉!·d!

a. substract successive ly: p(T )= p̄(T )- p̄(T=0)= [ p̄(T )- p̄(T /2 )]+ [ p̄(T /2 )- p̄(T /4 )]+ ...

=⇒ for substractions at most twice as large la ttices are needed

b. instead of the integra l method calcula te : p̄(T )- p̄(T /2 )=T /(2V )·log[Z2(Nt)/Z (2Nt)]

define Z̄(! )=
∫

DUexp[-!S1b-(1 -! )S2b] =⇒ Z2(Nt)= Z̄(0 ) and Z(2Nt )= Z̄(1 )

one gets directly p̄(T )- p̄(T /2 )=T /(2V )
∫

1

0
dlog[Z̄(! )]/d!·d!=T /(2V )

∫

1

0
〈S1b-S2b〉!·d!

long awaited link between lattice thermodynamics and pert. theory is there

Z. Fodor, Lattice 2007

Agreement of lattice QCD 
and perturbative QCD
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Shear (η )and bulk (ζ) viscosity in SU(3) lattice QCD

38
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1/4π →
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compared with the 1/4π obtained in strongly coupled Super Yang Mills

H, Meyer  hep-lat/0704.1801, hep-lat/0710.3717
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High Energy Scattering and Nucleon Structure

39
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Hadron structure revealed by high 
energy scattering

High energy scattering measures correlation functions 
along light cone

Asymptotic freedom: reaction theory perturbative

Unambiguous measurement of operators in light cone 
frame

Must think about physics on light cone

Parton distribution q(x) gives longitudinal momentum 
distribution of light-cone wave function

Generalized parton distribution q(x, r⊥) gives transverse 

spatial structure of light-cone wave function
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Parton and generalized parton distributions

〈P |O(x)|P 〉 = q(x)

Deep inelastic scattering: diagonal matrix element

〈P ′|O(x)|P 〉 = 〈γ〉H(x, ξ, t) + i∆
2m 〈σ〉E(x, ξ, t)

∆ = P ′ − P, t = ∆2, ξ = −n · ∆/2

Deeply virtual Compton scattering: off-diagonal matrix element

(λ = p+x−)High energy scattering: light-cone correlation function

O(x) =
∫

dλ

4π
eiλxψ̄(−λ

2
n) "nPe−ig

∫ λ/2
−λ/2 dαn·A(αn)ψ(

λ

2
n)

[!n→!nγ5 : ∆q(x)]

[!n→!nγ5 : Ẽ(x, ξ, t), H̃(x, ξ, t)]
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Moments of parton distributions

Expansion of

Generates tower of twist-2 operators

O(x) =
∫

dλ

4π
eiλxψ̄(−λ

2
n) "nPe−ig

∫ λ/2
−λ/2 dαn·A(αn)ψ(

λ

2
n)

O{µ1µ2...µn}
q = ψqγ

{µ1iDµ2 . . . iDµn}ψq

Diagonal matrix element

〈P |O{µ1µ2...µn}
q |P 〉 ∼

∫
dxxn−1q(x)

Off-diagonal matrix element

〈P ′|O{µ1µ2...µn}
q |P 〉 → Ani(t), Bni(t), Cn0(t)∫

dxxn−1H(x, ξ, t) ∼
∑

ξiAni(t) + ξnCn0(t)
∫

dxxn−1E(x, ξ, t) ∼
∑

ξiBni(t)− ξnCn0(t)

[!n→!nγ5 : Ãni(t), B̃ni(t)]

[!n→!nγ5 : ∆q(x)]
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Moments of parton distributions

〈p|ψ̄γµDµ1 · · · Dµnψ|p〉 → 〈xn〉q =
∫ 1

0
dxxn[q(x) + (−1)(n+1)q̄(x)]

〈p|ψ̄γ5γµDµ1 · · · Dµnψ|p〉 → 〈xn〉∆q =
∫ 1

0
dxxn[∆q(x) + (−1)(n)∆q̄(x)]

〈p|ψ̄γ5σµνDµ1 · · · Dµnψ|p〉 → 〈xn〉δq =
∫ 1

0
dxxn[δq(x) + (−1)(n+1)δq̄(x)]

q = q↑ + q↓, ∆q = q↑ − q↓, δq = q# + q⊥,where
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Lattice operators:  irreducible representations of hypercubic group with 
minimal operator mixing and minimal non-zero momentum components
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Lattice Calculation of Nucleon M. E. 

45
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Domain wall quarks on a staggered sea

        Tadpole improved staggered sea quarks (Asqtad)

Economical entre to chiral regime

MILC 2+1 flavor lattices with large L, small mπ publicly available 

 Domain wall valence quarks

Chiral symmetry to within controlled 

 Avoids operator mixing

  

Conserved 5-d axial current facilitates renormalization

Mixed action ChPT  Chen, O’Connell, Walker-Loud, arXiv: 0706.00035 

One-loop results have contiuum chiral behavior with low energy 

constants containing  perturbative a-dependent corrections

46

O(a2)

O(a2)

mres
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Numerical calculations
MILC  Asqtad configurations NF = 2+1,  a = 0.125 fm

Domain wall valence quarks
LS =16,   M5 = 1.7  
Valence quark mass tuned to Asqtad Goldstone pion mass.
Recent improvement: Factor 8 increase in # measurements 

758 423 203 2.5 423    

688 348 203 2.5 348

597 561 203 2.5 561

495 477 203 2.5 477

356 628 203 2.5 628 5024

353 274 283 3.5 274 2192

293 464 203 2.5 3712

mπ # configs Vol L (fm) # measurements
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Asqtad Action: O(a2) perturbatively improved

Symansik improved glue

Sg(U) = C0 W
1x1  + C1 W

1x2  + C2 W
cube

Smeared staggered fermions Sf(V,U)

Fat links remove taste changing gluons

Tadpole improved
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HYP Smearing

Three levels of SU(3) projected blocking within hypercube

Minimize dislocations - important for DW fermions
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HYP smeared domain wall fermions - B. Bistrovic

Perturbative renormalization 
OMS

i (Q2) =
∑

j

(
δij +

g2
0

16π2

N2
c − 1
2Nc

(
γMS

ij log(Q2a2)− (BLATT
ij −BMS

ij )
))

· OLATT
j (a2)

ZO =
Zpert
O

Zpert
A

Znonpert
A Evolve to Q2 =  4 GeV2
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Statistics for hadron structure

51

Signal to noise degrades as pion mass decreases

Due to different overlap of  nucleon and 3 pions also 
have volume dependence:

Kostas Orginos analyzed signal/noise correlation 
functions for mixed action data

Signal
Noise

=
〈J(t)J(0)〉

1√
N

√
〈|J(t)J(0)|2〉 − (〈J(t)J(0)〉)2

∼ Ae−MN t

1√
N

√
Be−3mπt − Ce−2MN t

∼
√

NDe−(MN− 3
2 mπ)

√
V
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Required Measurements

52

0 100 200 300 400 500 600

m
!  

 [MeV]

100

1000

10000

N
u

m
b

er
 o

f 
co

n
fi

g
u

ra
ti

o
n

s
What it takes

Based on signal to noise ratio 30 (at T=10)

Measurements required for 3% accuracy at T=10
May need significantly more
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C2(5)C2(5)

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 0  1  2  3  4

bs=1

bs=2

bs=4

bs=8

bs=16

C2(5) C2(9)

Im Jx(5)
~ GE

Re Jy(5)
~GM

Re Jt(5)
~GE

Statistical independence of measurements
Jackknife binning of correlation functions and matrix elements 
Sergey Syritsyn
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Hadron matrix elements on the lattice

Measure        for 

Connected diagrams   

Disconnected diagrams (cancel for                     )

Extrapolate 

mq, a, L〈O〉

〈O〉u − 〈O〉d
mq, a, L
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Matrix elements on the lattice
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Overdetermined system for form factors

Calculate ratio

Schematic form
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Plateaus for operators 

〈x〉q 〈1〉∆q

〈x〉∆q 〈1〉δq
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Axial Charge

58
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Nucleon axial charge in full lattice QCD

Why gA?

Matrix element of axial current

Adler Weisberger   

Goldberger Treiman

Spin content

〈N(p + q)|Aµ|N(p)〉 = ū(p + q)
!τ

2
[
gA(q2)γµγ5 + gP (q2)qµγ5

]
u(p)

gA(0) = 1.2695± 0.0029

Aµ = q̄γµγ5
"τ

2
q

g2
A − 1 ∼

∫
(σπ+p − σπ−p)

gA → fπgπNN/MN

〈1〉∆q =
∫ 1
0 dx[∆q(x) + ∆q̄(x)]

gA = 〈1〉∆u − 〈1〉∆d Σ = 〈1〉∆u + 〈1〉∆d + 〈1〉∆s
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Nucleon axial charge

Gold-Plated observable

Accurately measured

No disconnected diagrams

Chiral perturbation theory for  

Renormalization - 5-d conserved current 

gA(m2
π, V )
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Nucleon Axial Charge

Chiral perturbation theory

Beane and Savage  hep-ph/0404131

Detmold and Lin  hep-lat/0501007

1-loop theory has 6 parameters

Fix                                    (0.3% error)

Fit

Result

gA(m2
π, V )

fπ, m∆ −mN , g∆N

gA, g∆∆, C

gA(mπ = 140) = 1.212± 0.084
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Chiral expansion of axial charge

ΓNN = gA − i
4

3f2
[4g3

AJ1(mπ, 0, µ)

+ 4(g2
∆NgA +

25
81

g2
∆Ng∆∆)J1(mπ,∆, µ)

+
3
2
gAR1(mπ, µ)

− 32
9

g∆NgAN1(mπ,∆, µ)]

+ Cm2
π

J1(m,∆, µ) = −3
4

i

16π2

[
(m2 − 2∆2) log

m2

µ2
+ 2∆F (m,∆)

]

R1(m,µ) =
i

16π2
m2

[
Γ(ε) + 1− log

m2

µ2

]

N1(m,∆, µ) = −3
4

i

16π2

[
(m2 − 2

3
∆2) log

m2

µ2
+

2
3
∆F (m,∆) +

2
3

m2

∆
[πm− F (m,∆)]

]

f(m,∆) =
√

∆2 −m2 − iε log

(
∆−

√
∆2 −m2 − iε

∆ +
√

∆2 −m2 − iε

)

Beane and Savage  hep-ph/0404131
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Nucleon axial charge gA 
〈1〉u−d

∆q

! !"# !"$ !"% !"& !"' !"(

)
!

$
*+,-.

$
/

#

#"#

#"$

#"%

#"&

0
1

LHPC  hep-lat/0510062
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Nucleon axial charge gA 
〈1〉u−d

∆q

! !"# !"$ !"% !"&

'
!

#
()*+,

#
-

!

!"#

!"$

!"%

!"&

.

."#

."$

/
0

123456714
1234589806
:;4<
=4>8?5@<=4>
9AB+CD'+EF
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Chiral Extrapolation of Moments

65
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Chiral extrapolation of GPD’s 

Fundamental problem - large pion masses

Covariant Baryon Chiral Perturbation theory gives 
consistent fit to matrix elements of twist-2 operators 
for wide range of masses                                        
(Dorati, Gail, Hemmert, Nucl Phys A798, 96 (2008)

HBChPT expands in

CBChPT resums all orders of 

66

Λχ = 4πfπ ∼ 1.17GeV, M0
N ∼ 890MeV

(
1

M0
N

)m

Haegler et al, LHPC,  Phys Rev D77, 094502 (2008)

≤ =

{
mπ

Λχ ,

p

Λχ ,

mπ

M0
N ,

p

M0
N

}
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Chiral extrapolation of 

67

Chiral extrapolation O(p4) CBChPT (Dorati, Hemmert, et. al.)

〈x〉u−d
q = Au−d

20 (t = 0)

0.1 0 .2 0 .3 0 .4 0 .5 0 .6
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2 !GeV2 "
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20u"

d #t#0
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2 $
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Chiral extrapolation of 

68

Chiral extrapolation O(p2) CBChPT (Dorati, et al, NP A798, 96 (2008)

0.1 0 .2 0 .3 0 .4 0 .5 0 .6
mΠ

2 !GeV2 "
0.05

0.1

0 .15

0.2

0 .25

A
20u"

d #t#0
G
eV

2 $

0.1 0 .2 0 .3 0 .4 0 .5 0 .6
mΠ

2 !GeV2 "
0.05

0.1

0 .15

0.2

0 .25

A
20u"

d #t#0
G
eV

2 $
〈x〉u−d

q = Au−d
20 (t = 0)

Au−d
20 (t,mπ) = A0,u−d

20

(
fA(mπ) +

g2
A

192π2f2
π

hA(t,mπ)
)

+ Ã0,u−d
20 jA(mπ) + Amπ,u−d

20 m2
π + At

20t

∼ a

(
1− 3g2

A + 1
4πf2

π

m2
π lnm2

π

)
+ bm2

π · · ·

Global fit to  A, B, C  with 9 fit parameters
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Chiral extrapolation of  <x>
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Chiral extrapolation of  <x>
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Chiral extrapolation of  <x>
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Chiral extrapolation of  <x>
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Chiral extrapolation of  <x>
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Chiral extrapolation of  <x>
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Chiral Extrapolation of MomentsChiral Perturbation Theory

• for example, unpolarized moments

hxniu−d = an



1−
(3g2

A,0 + 1)

(4πfπ,0)2
m2

π ln

√
m2

π

µ2

!

 + b0n(µ)m2
π

• choose µ = fπ,0, and at one loop gA,0 → gA,mπ and fπ,0 → fπ,mπ

hxniu−d = an



1−
(3g2

A,mπ
+ 1)

(4π)2
m2

π

f2
π,mπ

ln

√
m2

π

f2
π,mπ

!

 + bn
m2

π

f2
π,mπ

• self consistently gA → gA,lat, fπ → fπ,lat, mπ → mπ,lat

hxniu−d = an



1−
(3g2

A,lat + 1)

(4π)2
m2

π,lat

f2
π,lat

ln




m2

π,lat

f2
π,lat







 + bn
m2

π,lat

f2
π,lat

• similarly for the helicity and transversity moments

hxni∆u−∆d = ∆an



1−
(2g2

A,lat + 1)

(4π)2
m2

π,lat

f2
π,lat

ln




m2

π,lat

f2
π,lat







 + ∆bn
m2

π,lat

f2
π,lat

hxniδu−δd = δan



1−
(4g2

A,lat + 1)

2(4π)2
m2

π,lat

f2
π,lat

ln




m2

π,lat

f2
π,lat







 + δbn
m2

π,lat

f2
π,lat
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Chiral Extrapolation of Moments
Helicity Momentum Fraction: 〈x〉∆u−∆d
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Chiral Extrapolation of Moments

Tensor Charge: gT = 〈1〉δu−δd
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Chiral Extrapolation of Moments
Putting It All Together

0.8
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1

1.1

1.2
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Chiral extrapolation of 

79
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Chiral extrapolation O(p2) CBChPT (Dorati, Hemmert, et. al.)

Note: connected diagrams only
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Form Factors

80
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Electromagnetic form factors

Simplest off-diagonal matrix element 

Fourier transform of charge density if 

Pb: 5 fm >> 10-5 fm,   Proton: 0.8 fm ~ 0.2 fm:   marginal

For transverse Fourier transform of light cone w. f., m → p+ ~ ∞

Large q2:  ability of one quark to share q2 with other constituents to 
remain in ground state - q2 counting rules

〈p|ψ̄γµψ|p′〉 = ū(p)[F1(q2)γµ + F2(q2)
iσµνqν

2m
]u(p′)

Lsystem ! Lwavepacket !
1
m

GE(q2) = F1(q2)− q2

4M2
F2(q2) GM (q2) = F1(q2) + F2(q2)
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F1 Isovector Form Factor
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Form factor ratio:    F2 / F1 
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Polarization transfer at JLab Lattice results
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Polarized Nucleon Form Factors GA and GP

pion electroproduction  ◆ pion electroproduction  ●
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〈p|ψ̄γµγ5ψ|p′〉 = ū(p)[GA(q2)γµγ5 + qµγ5GP (q2) + σµνγ5qνGM (q2)]u(p′)

νµ n→ µ− p µ− p→ νµ n

Bernard, Elouadrhiri, Meissner,  J. Phys. G Nucl. Part. Phys. 2002, R1

◆
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Form factor ratio:    GA/F1

Polarization transfer at JLab Lattice results
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Form factor ratio:    GP/GA  

soft pion pole: GP (q2) ∼ 4M2GA(q2)
q2 −m2

π
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Form factor ratio:    GP/GA 
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Generalized Form Factors
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Key quantities
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z

•   Form factor
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     distribution at =0
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Spatial resolution: δz⊥ ∼ 1/Q

5

Fig. from G. Schierholz

Generalized Parton Distributions
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Generalized form factors

O{µ1µ2...µn}
q = ψqγ

{µ1iDµ2 . . . iDµn}ψq

〈P ′|Oµ1 |P 〉 = 〈〈γµ1〉〉A10(t)

+
i

2m
〈〈σµ1α〉〉∆αB10(t) ,

〈P ′|O{µ1µ2}|P 〉 = P̄ {µ1〈〈γµ2}〉〉A20(t)

+
i

2m
P̄ {µ1〈〈σµ2}α〉〉∆αB20(t)

+
1
m

∆{µ1∆µ2}C2(t) ,

〈P ′|O{µ1µ2µ3}|P 〉 = P̄ {µ1 P̄µ2〈〈γµ3}〉〉A30(t)

+
i

2m
P̄ {µ1 P̄µ2〈〈σµ3}α〉〉∆αB30(t)

+ ∆{µ1∆µ2〈〈γµ3}〉〉A32(t)

+
i

2m
∆{µ1∆µ2〈〈σµ3}α〉〉∆αB32(t),

P̄ = 1
2 (P ′ + P )

∆ = P ′ − P

t = ∆2
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Limits of generalized form factors

Moments of parton distributions  t →0 

Electromagnetic form factors 

Total quark angular momentum

An0 =
∫

dxxn−1q(x)

A10 = F1(t), B10 = F2(t)

Jq = 1
2 [A(0)20 + B(0)20]
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Sum Rules

Momentum sum rule  

Nucleon spin sum rule

Vanishing of anomalous gravitomagnetic moment

1
2

=
1
2
(
A20,q(0) + A20,g(0) + B20,q(0) + B20,g(0)

)

=
1
2
∆Σq + Lq + Jg

1 = A20,q(0) + A20,g(0) = 〈x〉q + 〈x〉g

0 = B20,q(0) + B20,g(0)
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Transverse Structure of Nucleon
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Transverse structure of nucleon

x → 1:  Single Fock space component  ⇒  slope → 0

x  ≠ 1:  Transverse structure  ⇒ slope steeper

H(x, 0, - Δ2
⊥ ) is transverse Fourier transform of light cone 

quark distribution q(x,r⊥ ) at momentum fraction x

q(x, r⊥) =
∫

d2∆⊥
(2π)2

H(x, 0,−∆2
⊥) e−ir⊥∆⊥

∫
dxxn−1q(x, r⊥) =

∫
d2∆⊥
(2π)2

A(−∆2
⊥) e−ir⊥∆⊥
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Transverse size of light-cone wave function

xn
av =

∫
d2r⊥

∫
dxx · xn−1q(x,!r⊥)∫

d2r⊥
∫

dxxn−1q(x,!r⊥)
q(x,!r⊥) model (Burkardt hep-ph/0207047)
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Generalized form factors     
A10, A20, A30

0.1 0 .2 0 .3 0 .4 0 .5 0 .6
mΠ

2 !GeV2"

0.1

0 .2

0 .3

0 .4

0 .5

"
r !2
#
1#2 !fm

"

n$1

n$2

n$3
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Generalized form 
factor ratios  A30 / A10  

GPD parameterization: 
Nucleon form factors, 

CTEQ parton distributions, 
Regge behavior, 

Ansatz
Diehl, Feldmann, Jakob, Kroll EPJC 2005
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Origin of Nucleon Spin

98



Spin Fest  8-8-08     J. W. Negele 99

Frames in which to think about spin

Infinite momentum frame

No condensates or backward diagrams

Simplification of  A+ = 0 gauge

Parton distributions

Don’t know how  to solve Light Cone QCD 
nonperturbatively

Lab frame

Familiar condensates and diagrams

Gauge invariant 

Know how to solve Lattice QCD -  Forced to use Lab
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Gauge Invariant Decomposition of Nucleon Spin

A20 and B20 are generalized form factors defined below

Cannot write Jg as sum of helicity and orbital 
contributions of local operators

100

X. Ji   PRL 78, 610 (1997)

J i =
1
2
εijk

∫
d3x[Tανxµ − Tαµxν ] = J i

q + J i
g

"Jq =
∫

d3xψ†["γγ5 + "x × (−i "D)]ψ

=
1
2
[A20(q2 = 0) + B20(q2 = 0)]

"Jg =
∫

d3x["x × ( "E × "B)]

#= ∆g
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Quark contributions to proton spin
“Spin crisis” -  only ~ 30% arises from quark spins

1
2∆Σ = 1

2 〈1〉∆u+∆dquark spin contribution

Jq = 1
2 [Au+d

20 (0) + Bu+d
20 (0)] = 1

2 [〈x〉u+d + Bu+d
20 (0)]

total quark  contribution (spin plus orbital)

Spin Inventory
(heavy quarks)
68% quark spin
 0% quark orbital
32% gluons

∼ 1
20.675(7)

∼ 1
20.682(18)

mπ = 897 MeV
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A20, B20, C20

First x moments:

|Au+d
20 | > |Au−d

20 |
|Bu−d

20 | > |Bu+d
20 |

|Cu+d
20 | > |Cu−d

20 |

Consistent with large
N behavior   [Goeke et. al.]
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Chiral Extrapolation of 
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Bu+d
20 (t,mπ)

Chiral extrapolation O(p2) CBChPT +O(p3) corrections
Note: connected diagrams only                    (Dorati, et. al.)

Bu+d
20 (t,mπ) = A0,u+d

20 hu+d
B (t,mπ)+∆Bt,u+d

20 (t,mπ)+
mN (mπ)

mN

{
B0,u+d

20 ++δt
B t+δmπ

B m2
π

}
. . .
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Quark contributions to the proton spin
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Quark contributions to the proton spin
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Quark contributions to the proton spin
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Quark contributions to the proton spin
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Quark contributions to the proton spin
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Quark contributions to the proton spin
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LHPC  Phys Rev D77, 094502 (2008)
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Evolution of nonsinglet angular momentum
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1 2 3 4 5
Q2!GeV2"

!0.4

!0.2

0.2

0.4

0.6

0.8

Nonsinglet J has simple evolution         A. W. Thomas arXiv:0803.2775 [hep-ph]

Spin conserved, so large change in L

t = ln

(
Q2

Λ2
QCD

)

Lu−d(t) +
∆Σu−d

2
=

(
t

t0

)− 32
81

(
Lu−d(t0) +

∆Σu−d

2

)
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Proton Spin

111

Current status:

~41 % from up and down quark spin

~ 0 % from up and down quark orbital angular mom.

 Remainder in heavier quarks and in glue

Current effort:

Disconnected quark diagrams

Direct calculation of gluon contribution

First step - Gluon contribution to pion momentum
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Gluon momentum fraction in pion

112
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Notoriously difficult:  5000 configurations - no signal

Improved operator  E2 - B2       (Signal improved x 40)

Normalize operator by ratio of entropy at finite T

Harvey Meyer and J.N. 
  PRD 77 037501 (2008)



Spin Fest  8-8-08     J. W. Negele 

Gluon momentum fraction in pion

113

Mixing with quarks:  perturbative correction

<x>glue (μ = 2 GeV) = 0.37 ± 8 ± 12

Check:  <x>glue + <x>quarks =  0.99 ± 8 ± 12

Can also calculate mass from trace anomaly  E2 + B2       
(need chiral fermions to avoid mixing)

[
T̄ g

00(µ)
T̄ f

00(µ)

]
=

[
Zgg 1− Zff

1− Zgg Zff

] [
T̄ g

00(g0)
T̄ f

00(g0)

]
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Baryon shapes
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Baryon shapes

Observe oblate deformation of spin 
3/2 Δ directly on lattice from 
density-density correlation function 
(Alexandrou, nucl-th/0311007 ) 

Infer deformation experimentally                           
from N→Δ transition form factor

Dominant transition M1

C2 and E2 would vanish if nucleon 
and Δ spherical
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M1 form factor



Spin Fest  8-8-08     J. W. Negele 117

Electric and Coulomb transitions

E2/M1C2/M1
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Axial N-Delta transition form factors

Alexandrou, Leontiou, Tsapalis, JN

〈∆(p′, s′)|Aµ|N(p, s)〉 ∝ ūλ(p′, s′)
[(

CA
3 (q2)
M

γν +
CA

4 (q2)
M2

p′ν
)

(gλµgρν − gλρgµν)qρ + CA
5 (q2)gλµ +

CA
6 (q2)
M2

qλqµ

]
u(p, s)
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Axial N-Delta transition form factors

Off-diagonal Goldberger-Treiman relation CA
5 (q2) =

FπgπN∆(q2)
2M
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Insight into how QCD works

120
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Insight into how QCD works: classical solutions

Stationary phase approximation

Instanton solutions connect vacuua with different winding numbers

To what extent are analytic expectations observed on lattice?

∫
D[A]e−

∫
d4xS[A] ∼ [detS′′]−1e−

∫
d4xS[Acl]

Aa
µ(x) =

2ηaµνxν

x2 + ρ2

S = 1
4

∫
F 2 = 8π2

g2 , Q = q2

32π2

∫
FF̃ = 1
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Instantons on the lattice

Cooling (relaxation) reveals lumps with             and 

For small size ρ, distribution ∝ρ6

Q ∼ ±1S ∼ 8π2

g2

s(x) q(x)

Chu, Grandy, Huang, JN hep-lat/9312071
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Instantons on the lattice

Observables calculated with only instantons 
close to those including all gluons

Observe quark zero modes localized at 
instantons

Zero modes from instantons generate         
and dominate light quark propagators

Topological susceptibility from instantons, 
Χ=(180MeV), yields η′ mass
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Confinement from instantons

Ensemble of regular gauge instantons yields area law  hep-th/0306105
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Diquark correlations in heavy light light baryon
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HL pion density, r^2 <rho(r)>
APE smeared sources, wupp smeared N=19, "RMS"=3.0
src_t=11, snk_t=20, measure_t=15+16, continuum current

All heavy lines at most 1 step away (HYP smearing of heavy time links)
Image correction and (0,x,x),(x,0,x),(x,x,0) locations omitted

Figure 4-11: Final measurement of ρ("r). Source at tsrc = 11 and sink at tsnk = 20, central
two timeslices averaged; sources at RMS= 3.0, HYP smearing of time links; averaged over
7 heavy lines; Cartesian paths close to origin omitted; image corrected.

4.3 Density-density correlator in heavy-light-light

baryon

4.3.1 Diquarks in theory

Within larger hadrons, we call diquarks any pairs of quarks that interact strongly.

An extended discussion on diquarks can be found in [14]. In gross terms, the most

attractive channel for two-quark interactions, after those that induce confinement and

chiral symmetry breaking, is thought to be the color 3, flavor antisymmetric, spin

zero channel; this phenomenon is observed in the gluon exchange diagram between

two heavy quarks, for instance, and in interactions mediated by instantons. Thus, we

expect the two quarks in the diquark (q̄Cγ5q) to interact, but the interaction can’t

66

r

R

! + theta

Coord sys #1

r1
r2

alpha

Coord sys #2

s s

u u

d d

As a first measurement, Figure 4-13 shows ρρ(R, r, θ = 0) for various R values, as a

function of r. Setting θ = 0 corresponds to making perpendicular the line joining the

two light quarks and that from the center of this line to the heavy quark. We expect

ρρ to decay exponentially as a function of r in that case, and indeed it does. We

expect pronounced image effects when
√

R2 + (r/2)2 ≈ 7 or 8, that is, when #x or #y

are close to the edge of the lattice. For R = 2, 3, 4, and 5, that means there should be

an anomaly around r = 13–15, 12–14, 11–14, and 10–12, respectively. These ranges

coincide roughly with the observed “bumps” in 4-13.

Next, we reproduce the qualitative result of [1] when it comes to observing attrac-

tive behavior in the “good” diquark channel (see their Figure 2; where we write α,

they write θ). They calculated C(r1 = r2, α) for r1 = 5.1 and plot it versus cosα. Our

equivalent plots for r1 = r2 = 4 and 6 are shown in Figure 4-14. The conclusion to

be derived is that there is clear evidence for the existence of an attractive interaction

between the two light quarks, as C rises sharply above 0 as cosα→ 1.
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Good diquarks:
color antitriplet

flavor antisymmetric
spin singlet 

(uCγ5d)h

C(r1, r2) =
〈ρ(r1)ρ(r2)〉 − 〈ρ(r1)〉〈ρ(r2)〉

〈ρ(r1)〉〈ρ(r2)〉
〈ρ(r)〉

Patrick Varilly - senior thesis
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Summary and Challenges
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Summary

Lattice Field theory has become powerful tool to solve QCD 

and understand hadronic physics

Substantial theoretical issues and accomplishments
Resources now available to solve frontier problems

Entering era of quantitative solution in chiral regime

Moments of quark distributions

Form factors:  F1 ,  F2 , GA , GP,  N → Delta

Generalized form factors A  B  C

Transverse structure

Origin of nucleon spin

Insight:  instantons, diquarks, dependence on parameters
Two other major areas: 

QCD thermodyanmics

Weak decays
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Current effort and future challenges

Chiral fermions down to physical pion mass

Flavor singlet observables

Disconnected diagrams

Calculate proton and neutron separately, not just difference

Strangeness content of nucleon 

Gluon observables

Contribution to mass, momentum, spin

Quark and gluon mixing, evolution

Role of diquarks in hadrons

Unstable states

128



Spin Fest  8-8-08     J. W. Negele 

Current Dynamical DW Calculations
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Preliminary Domain Wall Results

Plateaus for axial charge 
with dynamical domain 
wall fermions
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Introduction Pseudoscalar meson Technique Formfactor results

Three-point correlators
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CO3pt(T, τ ; P ′, q) =
X

!x,!y

e−i !P ′!y+i!q!x〈N(T, y)O(τ, x)N̄(0, 0)〉,

RO3pt(T, τ ; P ′, P ) = CO3pt(T, τ ; P ′, P ′ − P )×
„

C2pt combination
at T, τ, T − τ

«

→ 〈P ′ |O|P 〉, T →∞

Sufficient source-sink separation corresponding
to T ≈ 1.0fm

coarse T/a = 9
fine T/a = 12

Operator plateaux
coarse t ∈ [4; 5]
fine t ∈ [5; 7]
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D.W Fermion Form Factors 
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Introduction Pseudoscalar meson Technique Formfactor results

Formfactor results: F v
1 (Q2) at three mπ values

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 0  0.2  0.4  0.6  0.8  1  1.2

F
1u

-d
(Q

2
)

Q
2
 [GeV

2
]

DWF nf=3 formfactor comparison

m!=298 MeV, a
-1

=2.346 GeV
m!=329 MeV, a

-1
=1.729 GeV

m!=355 MeV, a
-1

=2.346 GeV

Dipole fit in range 0 <= Q2 <= 0.4 GeV2

PR
EL
IM
IN
AR

Y


